Abstract. Let S be a smooth cubic surface over a finite field F q . It is known that #S(F q ) = 1 + aq + q 2 for some a ∈ {−2, −1, 0, 1, 2, 3, 4, 5, 7}. Serre has asked which values of a can arise for a given q. Building on special cases treated by Swinnerton-Dyer, we give a complete answer to this question. We also answer the analogous question for other del Pezzo surfaces, and consider the inverse Galois problem for del Pezzo surfaces over finite fields. Finally we give a corrected version of Manin's and Swinnerton-Dyer's tables on cubic surfaces over finite fields.
1. Introduction 1.1. A question of Serre. Let S be a smooth cubic surface over a finite field F q . It is well known (see for example [27, Thm. 27 .1]) that #S(F q ) = 1 + a(S)q + q 2 where a(S) is the trace of the Frobenius element Fr q ∈ Gal(F q /F q ) acting on the Picard group PicS ∼ = Z 7 ofS := SF q . For a choice of isomorphism Aut(PicS) ∼ = W (E 6 ) with the Weyl group of the E 6 -root system, the action of Fr q yields a conjugacy class of W (E 6 ) (we only consider those automorphisms of PicS which preserve the canonical class and the intersection pairing; see [27, Thm. 23.9] ). An inspection of the character table of W (E 6 ) reveals that we have a(S) ∈ A 3 := {−2, −1, 0, 1, 2, 3, 4, 5, 7} (see [33, §2.3.3] ). Serre asked in loc. cit. which values of the trace can actually arise for a given q. SwinnertonDyer [37] has shown that the trace values −2, 5 arise for all q, whereas 7 occurs if and only if q = 2, 3, 5. We extend this to give a complete answer to Serre's question. A corrected table can be found in Section 7. We constructed this table using Magma; we also give geometric proofs of our corrected values for completeness.
Manin's book initiated a wave of interest in the arithmetic of del Pezzo surfaces, which continues to this day. The authors hope that it will be a useful addition to the literature to include a fully corrected version of Manin's table over 40 years after it was originally published.
1.3. Del Pezzo Surfaces. We also consider the analogue of Serre's question for other del Pezzo surfaces of degree d (cubic surfaces being the del Pezzo surfaces of degree 3; see §2.2 for definitions). Knowledge about the possible number of rational points on del Pezzo surfaces over finite fields is often required in proofs, especially over small finite fields (see e.g. the proof of [31, Thm. 1] ). The arithmetic of del Pezzo surfaces becomes more difficult as the degree decreases, and we focus here on the cases d ≤ 4. One has [27, Thm. 23.9] an isomorphism Aut(PicS) ∼ = W (E 9−d ) (we follow Dolgachev's convention [7, §8.2.3] , and define the E r -root system for any 3 ≤ r ≤ 8). As in the case of cubic surfaces, one can use the character table of W (E 9−d ) to see that the trace of Frobenius a(S) belongs to A d , where The set A 4 can be deduced from Table 7 .1: the blow-up of a quartic del Pezzo surface S in a rational point not on a line is a cubic surface S ′ with a line, and one has a(S ′ ) = a(S) + 1 by Lemma 2.2 (the rows of Table 7 .1 corresponding to cubic surfaces with a line are exactly those whose orbit type contains 1 b for some b ∈ N). The values for A 2 and A 1 can be found in Urabe's tables [39] (the trace a is the exponent 1 a of 1 of the Frame symbol in loc. cit.). We give a complete classification of which traces can arise. The cases a ≥ 1 are handled similarly to the proof of Theorem 1.1, by considering various configurations of closed points in general position in P 2 (at least this works for large q). For small q we also need to consider some surfaces which are not of maximal index, and show either their existence or non-existence. We do this using a range of combinatorial and geometric techniques, such as the theory of conic bundles and the classification of possible Galois actions by Urabe [39] . Magma is employed to help with a few remaining difficult cases. When the required points in general position exist, one finds them on a computer very quickly, as a "randomly" chosen collection of points will lie in general position. For very small q (e.g. q < 5) we can often rule out trace values by pure thought, but for slightly higher values (e.g. 5 ≤ q ≤ 9), the value of q is still small enough to prove non-existence by enumerating all possibilities. (The most computationally intensive case was proving the non-existence of 6 rational points and a closed point of degree 2 in general position when q = 9, which took about 90 minutes on a desktop computer). Note that, at no point in our arguments do we need to enumerate all del Pezzo surfaces of degree 2 or 1 in order to verify the non-existence of certain traces; our approach of enumerating configurations of closed points in P 2 in general position and appealing to the classification of conjugacy classes due to Urabe [39] is substantially faster.
For a < 1, we use an amusing trick: any del Pezzo surface S of degree 2 or 1 admits a special automorphism of order 2, hence a non-trivial quadratic twist over F q , which we denote by S σ . A counting argument shows that a(S) + a(S σ ) = 2, in particular, on performing a quadratic twist we handle the remaining trace values (this explains the above symmetry B a = B 2−a ).
Note that a del Pezzo surface S over F q of degree d ≤ 7 has trace 10−d if and only if S is the blow-up of P 2 in 9 − d rational points in general position. In particular, for r ≤ 8, our results give a complete classification of those q for which there exist r rational points in P 2 over F q in general position. The new cases are as follows. For a field k, we denote by S d (k) the set of isomorphism classes of del Pezzo surfaces of degree d over k. For a del Pezzo surface S of degree d over a finite field, we denote by C(S) the conjugacy class of W (E 9−d ) obtained from the action of Fr q on PicS. We want to study the distribution of C(S) as q grows. As is common when counting objects up to isomorphism, we weight each surface by the size of its automorphism group. Our result is as follows.
.
Values for #C/#W (E 9−d ) when d = 3, 2, 1 can be found in Table 7 .1, and [39, Tab. 1, Tab. 2], respectively. We prove Theorem 1.7 using known results on the monodromy groups of generic del Pezzo surfaces, together with a version of the Chebotarev density theorem due to Ekedahl [8] , which is proved using Deligne's "Weil II paper" [5] . From this we immediately obtain the following. [3, Thm. 4.2] for d = 6, respectively). For d ≤ 4, however, Corollary 1.8 appears to be new. Note that the resolution of the inverse Galois problem for cubic surfaces over Q is a recent result of Elsenhans-Jahnel [10] .
The proof of Corollary 1.8 could in theory be made effective. In the case d = 3, for example, one would need upper bounds for the dimensions of cohomology groups with compact support for certain ℓ-adic sheaves on the open subset U ⊂ P 19 that parametrises smooth cubic surfaces in P 3 . It seems doubtful however that such bounds would be good enough for the remaining cases to be amenable to machine computation for small d. The problem of constructing minimal del Pezzo surfaces of degree 3 and 2 over finite fields is considered in recent work of Rybakov-Trepalin [30] and Trepalin [38] , respectively. Note that of course the conclusion of Corollary 1.8 does not hold for all q, as Theorem 1.1 illustrates.
For d ≤ 3, we are able to count without weighting by the automorphism group.
As an application, we may address the distribution of trace values for del Pezzo surfaces over F q , as q → ∞. For a ∈ Z let 
In particular a(S) plays a similar rôle to the a-invariant of an elliptic curve.
Lemma 2.2. Let S be a smooth geometrically rational projective surface over a finite field F q . Let x ∈ S be a closed point and Bl x S the blow-up of S at x. Then
Proof. If x ∈ S(F q ), then blowing-up replaces a rational point by a copy of P 1 , which has 1 + q rational points. If x / ∈ S(F q ), then blowing-up neither removes nor adds any rational points.
Del Pezzo surfaces.
We recall some facts about del Pezzo surfaces, which can be found in [27] and [7, §8] . A del Pezzo surface S over a field k is a smooth projective surface over k with ample anticanonical bundle. We define the degree d of S to be (−K S ) 2 ; we have 1 ≤ d ≤ 9. A line on S is a smooth geometrically rational curve L ⊂ S with L 2 = −1. For 3 ≤ d ≤ 7, such a curve is a line in the usual sense with respect to the anticanonical embedding S ⊂ P d . We say that S is split if the natural map Pic S → PicS is an isomorphism; for d ≤ 7 this is equivalent to all the lines of S overk being defined over k. Definition 2.3. Let r ≤ 8 and let k be a field. We say that a collection of distinct points P 1 , . . . , P r ∈ P 2 (k) lie in general position if the following hold. We say that a collection of distinct separable closed points of P 2 of total degree less than 8 lie in general position if the corresponding points overk lie in general position (we say that a closed point is separable if its residue field is separable).
We will often abuse notation and identify a separable closed point P with the Galois invariant collection P k sep of rational points over k (1) Lines through two of the points. Proof. Clearly P 1 , . . . , P 5 lie on some conic C. If C is singular, then it is either a union of two lines or a double line; in particular 3 of the points are collinear. If C is smooth, then any line intersects C in at most 2 points, hence no 3 are collinear.
Our next lemma is a simple linear algebra criterion to check whether a collection of points lies in general position, which will be used for computations.
Lemma 2.5. Let k be a field and let
(1) If r = 3, then P 1 , P 2 , P 3 are collinear if and only if
(2) If r = 6, then P 1 , . . . , P 6 lie on a conic if and only if the matrix M ∈ M 6,6 (k) whose ith row is
, and whose last three rows are   3x
Then P 1 , . . . , P 8 lie on a cubic with a singularity at P i if and only if M i has a non-trivial kernel.
Proof. Parts (1) and (2) are elementary. For (3), recall that a plane cubic curve C has 10 coefficients. The condition P i ∈ C imposes linear relations on the coefficients. A vector that lies in the kernel of the first 8 rows of M i corresponds to a cubic curve which contains the given 8 points. The last three rows determine whether the partial derivatives of this cubic vanish at the point P i , whence the result.
Conic bundles.
In this paper, a conic bundle over a field k is a smooth projective surface S over k together with a morphism π : S → P 1 all of whose fibres are isomorphic to conics. A fibre of π is either a smooth conic or isomorphic over the algebraic closure to two lines meeting in a single point (note that a "double line" cannot occur as S is non-singular; see [17, Lem. 6] ). We say that π : S → P 1 is relatively minimal if the fibre over every point is irreducible. Lemma 2.6. Let π : S → P 1 be a relatively minimal conic bundle over F q . Then
Proof. Part (1) follows from the fundamental exact sequence from class field theory for F q (t); see [29, Cor. 2.10] . Part (2) follows from (2.1) and an elementary count: as π relatively minimal, the fibre over a rational point is either a smooth plane conic, hence contains 1 + q rational points, or is singular and contains exactly 1 rational point (being 2 lines over F q 2 meeting in a single point).
Cubic surfaces and quartic del Pezzo surfaces
In this section we prove Theorem 1.1, following the strategy outlined in the introduction. For trace at least 1, it suffices to consider the existence of the following collections of closed points in general position.
Points in general position to blow-up 7 25 6 rational points 5 24 4 rational points, one closed point of degree 2 4 22 3 rational points, one closed point of degree 3 3 19 2 rational points, one closed point of degree 4 2 16 1 rational point, one closed point of degree 5 1 15 One closed point of degree 6 The reader may verify with Lemma 2.2 that the given blow-ups yield the claimed trace a. We have also included the number of the corresponding conjugacy class, as can be found in Table 7 .1. We briefly explain at the end the proof of Theorem 1.3.
3.1. Proof of Theorem 1.1. Whilst the cases a = 7, 5 were already dealt with by Swinnerton-Dyer [37] , we give alternative proofs in the spirit of our method. The lemmas proved here will also be required in the sequel. a = 7. First note that smooth cubic surfaces of trace 7 are exactly those which are blow-ups of P 2 in 6 rational points in general position.
Lemma 3.1. There exist five points P 1 , . . . , P 5 ∈ P 2 (F q ) in general position if and only if q ≥ 4.
Proof. This follows from Lemma 2.4 and the fact that a smooth conic has q + 1 rational points over F q .
Suppose now that q ≥ 4. Let P 1 , . . . , P 5 ∈ P 2 (F q ) be in general position and let C be the smooth conic passing through them. We next compute the number of rational points on the union C of C and the ten lines through P 1 , . . . , P 5 .
Proof. Let L denote the union of the ten lines determined by P 1 , . . . , P 5 . Since the number of points on a line of L where four lines meet is 2 and the number of points on a line of L where only two lines meet is 3, the number of rational points of L is
Adding this to #(C \ L)(F q ) = q − 4 gives the result. Proof. By Lemma 3.2, we have #( This completes the case a = 7. Let now q be an arbitrary prime power and fix a smooth conic C over F q . a = 5. The conic C contains three rational points P 1 , P 2 , P 3 and a closed point of degree 2; these lie in general position by Lemma 2.4. Denote by L 1 , L 2 , L 3 the lines through each of the pairs of P 1 , P 2 , P 3 . Denote by P 4 and P 5 the points over F q 2 determined by the closed point and L the line through them. The line connecting P i with P j , for i ∈ {1, 2, 3} and j ∈ {4, 5} has only
(3.1)
we find that there is a sixth point P 6 such that P 1 , . . . , P 6 are in general position, as required.
Denote by P 2 and P 3 the conjugates of P 1 and choose P 4 , P 5 ∈ C(F q ). By Lemma 2.4 these points lie in general position. Let L be the line through P 4 and P 5 . There exists P 6 ∈ P 2 (F q ) such that P 1 , . . . , P 6 are in general position as
. Denote by P 2 , P 3 , P 4 the conjugates of P 1 and let P 5 ∈ C(F q ); these lie in general position by Lemma 2.4. The lines through P 1 , P 3 and P 2 , P 4 meet in a rational point, which we call Q. One easily sees that Q and P 5 are the only rational points which lie on some line through any two of the P i . We conclude as before by noting that
The conjugates P i of this point give a closed point P of degree 5 on C, which lies in general position by Lemma 2.4. One easily sees that lines through pairs of the P i contain no F q -points. We conclude as before by noting that
. . , α 6 be a normal basis of F q 6 over F q , i.e. the α i are a basis of
, where the subscripts are taken modulo 6.
] and note that the collection {P 1 , . . . , P 6 } forms a closed point of degree 6. For distinct P i , P j , and P k , the determinant (2.2) here is
hence P i , P j , P k are not collinear by Lemma 2.5. The matrix (2.3) has determinant
hence the points lie in general position by Lemma 2.5. a = 0. We will show the existence of two closed points of degree 2 and one closed point of degree 3 in general position (we choose this configuration as it will also be used in the proof of Theorem 1.3). Blowing these up we obtain a degree 2 del Pezzo surface with trace 1. This surface contains a line L, corresponding to the line in P 2 passing through one of the closed points of degree 2. By Lemma 2.2, the blow-down of L yields the required cubic surface S with a(S) = 0 (this is No. 14 in Table 7 .1).
ChooseF q -points P 1 , P 2 and Q 1 , Q 2 , Q 3 on C which form closed points of degree 2 and 3, respectively; these lie in general position by Lemma 2.4. Let L be the line through P 1 , P 2 . As #P
Moreover, a simple consideration of the Galois action shows that no 3 are collinear.
It remains to show that no 6 lie on a conic. Let D be a conic passing through 6 of the points and let D Fr q be the conjugate conic under the action of Fr q ∈ Gal(F q /F q ). The conics D and D Frq have 5 points in common, thus D = D Frq , i.e. D is defined over F q . As none of our points are rational, we see that D actually contains all seven points, hence D = C. But R i / ∈ C by construction; a contradiction. 
of the Brauer group of K = F q (t). Here the direct sum is over the closed points of P 1 Fq , and K P denotes the completion of K at P . (Section 1.5 of Poonen's book [28] is a great reference for the Brauer group facts we shall require).
Let P 1 , P 2 , P 3 ∈ P 1 (F q ) be distinct and take P 4 ∈ P 1 a closed point of degree 2 (these exist for all q). From the exactness of (3.2), there exists a 2-torsion element α ∈ Br K such that for all closed points P ∈ P 1 we have inv P = 0 if and only if P ∈ {P 1 , . . . , P 4 }. Moreover, by [28, Thm. 1.5.36(iv)] the element α has index 2, thus α has a representative which is a quaternion algebra, i.e. a 4-dimensional central simple algebra over K. To this quaternion algebra one may naturally associate a conic C over K [28, Prop. 1.5.9]. By the theory of minimal models of surfaces (see [17] , or in particular [29, Lem. 2.8]) there exists a relatively minimal conic bundle π : S → P 1 whose generic fibre is isomorphic to C. Moreover, this has the property that the fibre over a closed point P is singular if and only if P ∈ {P 1 , . . . , P 4 } [29, Lem. 2.9]. We claim that this is the required surface.
To see this note that π : S → P 1 is a relatively minimal conic bundle with exactly 5 singular fibres overF q . It thus follows from [17, Thm. 3(3) ] and [17, Thm. 5(1)] that S is in fact a cubic surface. Finally Lemma 2.6 implies that a(S) = −1, as claimed (this yields No. 9 from Table 7 .1). a = −2. This case was already handled by Swinnerton-Dyer [37] .
This completes the proof of Theorem 1.1.
3.2.
Proof of Theorem 1.3. The case a = 6 follows from Lemma 3.1. For 1 ≤ a ≤ 4, in the proof of Theorem 1.1 we showed the existence of a smooth cubic surface S with a line over all F q such that a(S) = a + 1; contracting this line yields the required quartic del Pezzo surface by Lemma 2.2. For a = −1, consider the points P i , Q i , R i constructed in the trace 0 case of cubic surfaces and let S ′ be their blow-up. This contains two skew lines, corresponding to the line through P 1 , P 2 and the conic through P 1 , P 2 , Q 1 , Q 2 , Q 3 . The blow down of these lines yields the required surface. For a = −2, 0, the required surfaces have been constructed by Rybakov [29, Thm. 3.2] (these are X and XV III from Table 7 .1, respectively).
Del Pezzo surfaces of degree 2
In this section we establish Theorem 1.4.
4.1.
Definitions and basic properties. Let k be a field. Any del Pezzo surface S of degree 2 over k can be written in the form When char k = 2, we may choose equations so that f 2 (x, y, z) = 0. In which case, the double cover is ramified over the smooth quartic curve B : f 4 (x, y, z) = 0. When char k = 2 the branch curve B is the plane conic f 2 (x, y, z) = 0 (this can be reducible or non-reduced). In both cases, we define the ramification curve to be R = π −1 (B) red , i.e. the reduced subscheme underlying π −1 (B). The following lemma on the geometry of the ramification curve will be used in Section 5. We define the genus g(C) of a geometrically irreducible (possibly singular or non-reduced) projective curve C to be the genus of the normalisation of C red . Lemma 4.1. Let S be a del Pezzo surface of degree 2 over an algebraically closed field k with ramification curve R.
• If char k = 2 then R is irreducible smooth and of genus 3.
• If char k = 2 then R has at most 2 irreducible components, and each irreducible component has genus 0.
Proof. When char k = 2 the result is clear, as R ∼ = B is a smooth plane quartic. So assume that char k = 2. Here π −1 (B) has the equation
It suffices to consider the various possibilities for B.
(1) B is a smooth plane conic: Here R = π −1 (B) is irreducible and reduced, but may be singular. The morphism R → B is purely inseparable of degree 2. Let N → R be the normalisation of R. The induced map N → B is still purely inseparable of degree 2, hence g(N) = g(B) (see e.g. [20, Lem. 8.6 .6]) and thus g(R) = 0.
is irreducible and reduced and the map R i → L i is purely inseparable of degree 2. As in the previous case, we find that g(R i ) = 0.
2 is a double line: Here π −1 (B) is non-reduced, but R → L is still purely inseparable of degree 2. As above, we conclude that g(R) = 0.
Geiser twists.
The map π induces an involution of S, called the Geiser involution. We may therefore twist by some cocycle α with class in H 1 (k, Z/2Z), where Z/2Z acts on S via the Geiser involution, to obtain the Geiser twist S α by α (this is a quadratic twist of S). Over a finite field there is a unique non-trivial Geiser twist up to isomorphism; we let S σ denote the choice of such a twist.
For completeness we give equations for these twists, though these will not be used in the sequel. When char k = 2, we choose the equation (4.1) so that f 2 = 0. Kummer theory gives H 1 (k, Z/2Z) = k * /k * 2 , and for α ∈ k * we have
When char k = 2, as π is separable, one may write down equations for S α using Artin-Schreier theory instead of Kummer theory. This yields
For α ∈ k, the associated Geiser twist is given by
Lemma 4.2. Let S be a del Pezzo surface of degree 2 over a finite field F q and S σ its non-trivial Geiser twist. Then a(S) + a(S σ ) = 2.
Proof. Let π : S → P 2 (resp. π σ : S σ → P 2 ) be the associated double cover of P 2 , with branch locus B. Let x ∈ P 2 (F q ). If x ∈ B, then π −1 (x) and π σ (x) contains exactly two rational points, and the other none. Taking these contributions together we obtain
The result follows on recalling (2.1). Proof. Let S be the degree 2 del Pezzo surface given by blowing up these points. The blow-down of a line L is a split smooth cubic surface S ′ , and the image of L is a rational point not on a line. However, as proved by Hirschfeld in [16, Thm. 20.3.9, Thm. 20.3.10] (see also [14] ), there is no such smooth cubic surface when q ≤ 8.
Suppose now that q ≥ 9. In [14] , it is shown that there is a smooth split cubic surface over F q which contains a rational point not on a line. We give our own proof, as the paper [14] is difficult to obtain. Let P 1 , . . . , P 6 be 6 rational points in general position and let L denote the union of the 15 lines through pairs of them. Let n i be the number of points where exactly i of these lines meet. One sees that 5 2 n 5 + 3 2 n 3 + n 2 = 15 2 .
As n 5 = 6, we deduce that 3n 3 + n 2 = 45 and that #L(F q ) = 15(q + 1) − 4n 5 − 2n 3 − n 2 = 15q − 54 + n 3 .
Let C denote the union of L and the six conics through any five of the points. Each conic adds at most q − 4 points to the configuration. Hence #C(F q ) ≤ 15q − 54 + n 3 + 6(q − 4) = 21q − 78 + n 3 ≤ 21q − 63.
We deduce that
This is positive for q ≥ 17. For the remaining values q = 9, 11, 13, 16, rational points in general position are easily found using a computer search and Lemma 2.5. a = 6. By [39, Tab. 1], any degree 2 del Pezzo surface S with a(S) = 6 is the blow-up of P 2 in 5 rational points and a closed point of degree 2 in general position. By Lemma 3.1, such a configuration does not exist for q = 2, 3. The value q = 4 is small enough that one can quickly enumerate the relevant collections of points in P 2 on a computer, and verify their non-existence using Lemma 2.5. Let now q ≥ 5. Let P 1 , P 2 , P 3 ∈ P 2 (F q ) and choose P 4 , P 5 ∈ P 2 (F q 2 ) which form a closed point of degree 2, such that P 1 , P 2 , P 3 , P 4 , P 5 lie in general position (the existence of such a collection was shown in the proof of Theorem 1.1). Let C be the union of the conic through all five and the ten lines through pairs of these five points. By (3.1) we have #C(F q ) = 5q − 4. Choose a sixth rational point P 6 which lies in general position with respect to the others.
Let C ′ be the union of C with the five lines from P 6 to the other five points and the five conics through P 6 and four of the P 1 , . . . , P 5 (we call these the five new lines and five new conics respectively, and the rational points on them not on C nor equal to P 6 as new rational points). Only three of the five new lines are rational, and the number of new rational points on the new lines is at most 3q − 6. Similarly, the number of new rational points on the new conics is at most 3q − 6. Thus
, and so we can choose a seventh rational point in general position provided q ≥ 9.
For the remaining values q = 5, 7, 8 a computer search reveals that the required configurations exist. a = 5. By [39, Tab. 1], any degree 2 del Pezzo surface S with a(S) = 5 is the blow-up of P 2 in 4 rational points and a closed point of degree 3 in general position. Such a surface S does not exist over F 2 : by Lemma 4.2 its Geiser twist S σ has a(S σ ) = −3, hence S σ has a negative number of rational points by (2.1).
Let q ≥ 3 and let C be a smooth conic over F q . Let P 1 ∈ C(F q 3 ) \ C(F q ) with conjugates P 2 , P 3 . Choose P 4 , P 5 ∈ C(F q ) and let P 6 ∈ P 2 (F q ) be in general position with respect to the other five; this was shown to exist in the proof of Theorem 1.1. Let C be the union of C and the line through P 4 , P 5 . We have #C(F q ) = 2q. Now consider the 5 new lines and 5 new conics, as in the a = 6 case. Only two of the new lines and two of the new conics are rational, and the non-rational lines and conics contain no new rational points. Thus the number of new rational points is at most 4(q − 1). We have q 2 + q + 1 − 1 − 4(q − 1) − 2q = q 2 − 5q + 4, thus for q ≥ 5 one may always choose a seventh rational point in general position.
For q = 3, 4 a computer search reveals that such collections of points exist. a = 4. We first rule out q = 2. Note that, by Lemma 4.2, the Geiser twist of such a surface over F 2 has a unique rational point. The non-existence of such a surface has been proved in [31, p. 14] and [26, Thm. 4.1.1]. Both proofs used intensive computer searches to enumerate del Pezzo surfaces over F 2 and verify that no such surface exists. We give a more conceptual proof, using the classification of conjugacy classes due to Urabe [39] (though of course some computation is implicitly used in the proof, as a computer was used to determine the conjugacy classes of W (E 7 )).
Lemma 4.5. There is no del Pezzo surface S of degree 2 over F 2 with a(S) = 4.
Proof. An inspection of [39, Tab. 1] reveals that such a surface must have number 27, 48 or 52, in the notation of loc. cit.. Class 48 has index 7 and arises by blowing up P 2 in 3 rational points and 2 closed points of degree 2. This configuration cannot arise over F 2 ; indeed, after a quadratic extension, one would obtain 7 rational points in general position over F 4 , which do not exist by Proposition 4.4.
Class 52 also has index 7 and arises by blowing up P 2 in 3 rational points P, Q, R and a closed point of degree 4. Let P 1 , P 2 , P 3 , P 4 be the points overF q given by the closed point of degree 4, chosen so that the Frobenius element Fr q acts via Fr q (P i ) = Fr q (P i+1 ), where the subscripts are taken modulo 4. Consider the pencil of conics in P 2 which pass through P 1 , . . . , P 4 . This pencil contains 4 elements over F q : the 3 conics through P 1 , . . . , P 4 and one of the points P, Q, R, as well as the singular conic given by the lines passing through P 1 , P 3 and P 2 , P 4 . However this is a contradiction as #P 1 (F 2 ) = 3 < 4. Consider next a surface S with class 27, which has index 2 and contains 2 skew lines. By Table 7 .1, the blow-down of these lines is a minimal quartic del Pezzo surface S ′ with Picard number 2. Hence by [17, Thm. 1] , the surface S ′ is equipped with a relatively minimal conic bundle S ′ → P 1 which has 4 singular fibres overF q . As a(S ′ ) = 2, Lemma 2.6 implies that the singular fibres lie over 2 distinct closed points of P 1 of degree 2. However P 1 contains only 1 closed point of degree 2 over F 2 , which is a contradiction.
Assume now that q ≥ 3. We claim that there are three rational points and a closed point of degree 4 in general position. A similar method to the previous cases shows that there are at most 3q + 2 rational points on the 15 lines and 6 conics through two rational points and a closed point of degree 4 in general position. So for q ≥ 3 there is a seventh rational point in general position. a = 3. Consider a closed point of degree 5 on a smooth conic C and a rational point P / ∈ C. The only rational point of P 2 \ C which lies on one of the relevant lines and conics is P , and thus the resulting configuration of lines and conics contains exactly q + 2 rational points; hence there is a seventh rational point in general position. a = 2. Consider the closed point of degree 6 in general position that was constructed in the proof of Theorem 1.1, and consider the 15 lines and 6 conics that it defines. This configuration has at most one rational point (three of the lines might cross in one point) and so one can always choose a rational point not on this configuration. a = 1. Let α 1 , . . . , α 7 be a normal basis of F q 7 over F q . As in the proof of Theorem 1.1, we apply Lemma 2.5 and find that the P i = [1 : α i : α 
Del Pezzo surfaces of degree 1
In this section we prove Theorem 1.5.
5.1.
Definitions and basic properties. Let k be a field. Any del Pezzo surface S of degree 1 over k can be written in the form
where deg f i = i. The double of the anticanonical map is given by [x : y : z : w] → [x : y : z], and realises S as a double cover of P (1, 1, 2 ). This map is separable and induces an involution of S, called the Bertini involution.
Bertini twists.
As in §4.1.2, we may perform a quadratic twist by an element of α ∈ H 1 (k, Z/2Z) to obtain the Bertini twist S α of S. Over a finite field, we denote the unique non-trivial Bertini twist of S by S σ . We have the following analogue of Lemma 4.2.
Lemma 5.1. Let S be a del Pezzo surface of degree 1 over a finite field F q and S σ its non-trivial Bertini twist. Then a(S) + a(S σ ) = 2.
Proof. A similar strategy to the proof of Lemma 4.2 shows that #S(F q ) + #S σ (F q ) = 2#P(1, 1, 2)(F q ).
However P(1, 1, 2) has 1 + q + q 2 rational points, and the result follows.
5.2.
Proof of Theorem 1.5. We follow a similar strategy to the previous cases. However, to avoid working directly with the condition in Definition 2.3 concerning cubic curves passing through the 8 points, we shall often take the following approach. Let S ′ be a degree 2 del Pezzo surface. The blow-up S of S ′ in a rational point P is a del Pezzo surface if and only only if P does not lie on a line nor on the ramification curve [31, Cor. 14] (we call the union of the lines and the ramification curve the bad locus). We can use our constructions for degree 2 del Pezzo surfaces to obtain certain traces, and then blow-up such a rational point to obtain the required surface of degree 1. We will deduce the existence of a rational point not in the bad locus for sufficiently large q using Lemma 4.1 and the Hasse-Weil bounds, which imply that the ramification divisor has at most F (q) rational points, where Proof. Let S be such a surface. The blow-down of a line on S is a split del Pezzo surface S ′ of degree 2 with a rational point outside the bad locus. Hence it suffices to show that there exists no such surface S ′ , for q as in the statement of the lemma. Theorem 1.4 rules out q ≤ 9. Kaplan [19, §4.3] has determined the isomorphism classes of split del Pezzo surfaces of degree 2 over the remaining relevant finite fields. As observed in [21, Cor. 4.4] , this classification implies that for any split del Pezzo surface of degree 2 with q = 9, 11, 13, all its rational points lie on its lines (i.e. is "full" in the terminology of loc. cit.). By [19, Prop. 73] there are 7 isomorphism classes of split del Pezzo surfaces of degree 2 over F 17 , and by [21, Thm. 4.5] all but one of these is full. As explained in the proof of [21, Thm. 4.5], the non-full surface S ′ is branched over the Kuwata quartic curve C 234 (see [21, §3] and [24, §8] for notation). One finds that S ′ has the equation
Using the explicit description of the lines given in [21, Thm. Let q ≥ 11 and let S ′ be a degree 2 del Pezzo surface over F q given as the blow-up of 5 rational points and one closed point of degree 2 in general position, as constructed in the proof of Theorem 1.4. Precisely 32 of the 56 lines of S ′ are rational. Moreover any rational point on one of the 24 non-rational lines must lie on one of the 5 exceptional lines. Therefore, there are at most 32(q + 1) + F (q) rational points in the bad locus. Comparing this with #S ′ (F q ) = q 2 + 6q + 1, we see that S ′ admits a rational point away from the bad locus when q ≥ 31. For 11 ≤ q ≤ 29 we find six rational points and one closed point of degree 2 lying in the plane in general position, after a computer search. a = 6. By [39, Tab. 2] , every such degree 1 del Pezzo surface S is the blow-up of P 2 in 5 rational points and a closed point of degree 3 in general position. Such a surface does not exist for q = 2, 3 by Lemma 3.1. For q = 4, 5 the required configuration of points in P 2 is shown not to exist after a computer search.
Let q ≥ 7 and let S ′ be the degree 2 del Pezzo surface over F q obtained by blowingup P 2 in 4 rational points and one closed point of degree 3. This surface has precisely 20 of its lines rational, and any rational point on a non-rational line must also lie on some rational line; thus the bad locus contains at most 20(q + 1) + F (q) rational points. Comparing this with q 2 + 5q + 1 yields the required surface for q ≥ 19. For 7 ≤ q ≤ 17, we find five rational points and a closed point of degree 3 in general position after a computer search. a = 5. Such a surface S cannot exist when q = 2, as by Lemma 5.1 its Bertini twist would have a(S σ ) = −3, hence a negative number of rational points by (2.1).
We now assume that q ≥ 3. There are three rational points and a closed point of degree 4 in P 2 in general position. The corresponding degree 2 del Pezzo surface S ′ has precisely 12 of its lines rational. Moreover, there are two pairs of nonrational lines on S ′ which each meet in a rational point: these correspond to the 2 lines (resp. 2 conics) in P 2 which pass through non-adjacent quartic points. Thus 2 + 12(q + 1) + F (q) is an upper bound for the number of rational points in the bad locus, which is less than q 2 + 4q + 1 provided q ≥ 13. A computer search shows the existence of four rational points and a closed point of degree 4 in general position for 5 ≤ q ≤ 13, but also reveals that there is no surface S of index 8 with a(S) = 5 over F q for q ∈ {2, 3, 4}. For q = 3, 4 we therefore explicitly find such a surface, necessarily not of index 8.
For q = 3 there is a unique such surface up to isomorphism, as discovered by Li [26, Thm. 3.1.3] . It has the equation
For q = 4 and u ∈ F 4 \ F 2 , an example of a surface of trace 5 is
. For all q we may find two rational points and a closed point of degree 5 in P 2 in general position. The corresponding degree 2 del Pezzo surface S ′ has precisely 6 rational lines, and none of its non-rational lines contains a rational point not already on some rational line. Thus there are at most 6(q + 1) + F (q) rational points in the bad locus, which is less than q 2 + 3q + 1 provided q ≥ 8. A computer search finds three rational points and a closed point of degree 5 in general position for q = 3, 4, 5, 7, but shows that no index 8 surfaces occur here for q = 2.
Surfaces over F 2 with a unique rational point were found by Li [26, Thm. 3.1.3] . The Bertini twist of such a surface has trace 4, an example being
a = 3. We consider the degree 2 del Pezzo surface S ′ given by blowing up P 2 in a rational point and a closed point of degree 6. There are 2 rational lines, and at most 2 rational points on the non-rational lines (these could occur if the 3 lines through a pair of opposite sextic points are concurrent, or if the 3 conics which avoid a pair of opposite sextic points meet in a point). Comparing 2(q + 1) + 2 + F (q) with 1 + 2q + q 2 , we find that there is a rational point away from the bad locus for q ≥ 4. A computer search finds two rational points and a closed point of degree 6 in general position when q = 3, but shows that there are no surfaces of index 8 with trace 3 over F 2 . An explicit surface of trace 3 over F 2 is given by
a = 2. Let S ′ be a del Pezzo surface over F q obtained as the blow-up of a closed point of degree 7 (this was constructed in the proof of Theorem 1.4). None of the 56 lines on this surface has any rational points. The ramification divisor, and hence the bad locus, has at most F (q) rational points, which is less than the total number q 2 + q + 1 of rational points whenever q = 2 or q ≥ 4. A computer search finds one rational point and a closed point of degree 7 in general position for q = 3. a = 1. Let α 1 , . . . , α 8 be a normal basis of F q 8 over F q . Write P i = [1 : α i : α It remains to verify that the eight matrices M i from Part (3) of Lemma 2.5 all have trivial kernel. To do this we will show that, for i = 1, . . . , 8, the matrix given by removing the last row of M i has non-zero determinant. This determinant is
and our claim follows from the fact that the α i constitute a basis.
Applying Lemma 5.1 completes the proof of Theorem 1.5.
An inverse Galois problem
The aim of this section is to prove Theorem 1.7 and Theorem 1.9.
6.1. Hilbert schemes. Let d ≤ 6. We first count all anticanonically embedded del Pezzo surfaces, viewed as points of some Hilbert scheme, and show that an analogous limit exists. We then quotient out by the action of the automorphism group. We work with the set-up of [18, §4] . Let [41, Rem. 1.4] ). The result for d = 2 over Q is proved in [11] , and a similar argument to the one given at the end of [41, §6] , which we do not reproduce here, yields the claim over any number field.
We now turn to the statement of the proposition. That L d → H d is finiteétale is well-known; see for example [32, Prop. 3.6] . Next assume that L d × Q k → H d × Q k has reducible generic fibre, for some number field k. As L d → H d is finiteétale, we deduce that every degree d del Pezzo surface over k has reducible Hilbert scheme of lines, which contradicts the above. Hence L is well-defined. We also deduce that L ∩Q = Q and that L ⊗ Q k is a field for all number fields k.
Next note that Gal(K/H) ⊂ W (E 9−d ). However, as L d → H d is finiteétale and there exists a degree d del Pezzo surface over Q whose splitting field has Galois group W (E 9−d ), we find that actually Gal(K/H) ∼ = W (E 9−d ). To see that K ∩Q = Q, assume for a contradiction that K ∩Q = k, for some non-trivial number field Q ⊂ k. Then, as k ⊂ K and [K : H] = #W (E 9−d ), the Galois closure of (L ⊗ Q k)/(H ⊗ Q k) has degree strictly smaller than #W (E 9−d ). This contradicts the fact that there is a del Pezzo surface of degree d over k whose splitting field has degree #W (E 9−d ).
We now apply Ekedahl's version of the Chebotarev density theorem [8, Lem. 
Let q be a prime power and choose a number field k which admits a prime ideal p of norm q. Proposition 6.1 implies that the map 
where the implied constant is independent of q and k. The result follows. 
. [27] only wrote down the size of each orbit, and separated orbits of the same size and different "configuration". For example, for No. 5 they wrote 3, 6
3 , 6 to denote an orbit of length 3 and four orbits of length 6, of which three have the same configuration and the other a different configuration.
We take a slightly different approach, which makes clear which exact configurations these correspond to. First recall that to each cubic surface S we can associate a graph as follows: one vertex for each line, with two vertices being adjacent if and only if the corresponding lines meet. This graph is independent of S, up to isomorphism, and is the so-called Schläfli graph G, which has automorphism group W (E 6 ) [27, Thm. 23.9] . Let now C ⊂ W (E 6 ) be a conjugacy class and w ∈ C, considered with its action on G. Let O be an orbit of vertices for w. We define the type of O to be the isomorphism class of the induced subgraph of G determined by O. We define the orbit type of C to be the multiset of types of its orbits for some w ∈ C; this is independent of the choice of w, up to isomorphism. The graphs which arise this way are quite special; by definition they all admit a vertex-transitive action of a cyclic group. Graph theorists call such graphs Circulant graphs.
We notate these graphs as follows. The notation n b m 1 ,...,ms denotes b copies of the circulant graph with vertices labelled 0, . . . , n − 1, and vertex 0 being adjacent to the vertices ±m 1 , . . . , ±m s mod n (this determines all the edges of the graph). E.g. n = Edgeless graph of order n, n 1 = Cycle graph of order n.
The following well-known graphs occur in our table. Urabe [39] separates orbits by their characteristic sequences, which is essentially the list of vertices which meet the vertex 0. However, different characteristic sequences may give rise to isomorphic graphs, e.g. 9 1,3 ∼ = 9 2,3 ∼ = 9 3,4 (in the above notation).
In particular, the reader should bear in mind that some of the orbits in Urabe's table which are separated by their characteristic sequences have isomorphic graphs. [2] . The code is available on the authors' web pages. We constructed the Schläfli graph, together with its action of W (E 6 ), using the method outlined in [18, §3.1.1]. One calculates the conjugacy classes, order, measure, index and orbit type using standard commands for permutation groups. The eigenvalues and trace were found by constructing the relevant representation of W (E 6 ). We calculated H 1 (F q , PicS) using [27, Prop. 31.3] . We identified which degree 2 del Pezzo surface in [39, Tab. 1] is obtained by blowing-up a rational point not on a line by comparing the eigenvalues (these can be deduced from the "Frame symbol" of loc. cit). Blowing-up a rational point multiplies the characteristic polynomial by (x − 1). A conjugacy class of W (E 6 ) is uniquely determined by its eigenvalues, however this is no longer true for W (E 7 ). Nonetheless, for many characteristic polynomials there is a unique conjugacy class, and one finds more than one potential conjugacy class of W (E 7 ) only when blowingup No.'s 5, 9, 11, 15, 17, 21 from Table 7 .1. For these classes there are exactly two conjugacy classes of W (E 7 ) with the same characteristic polynomial. However, in all these cases only one contains a line, which isolates the relevant class.
7.3. Corrections. We now explain the issues with Manin's table.
Typesetting. There are some typesetting issues with Columns 5 and 8 which make them difficult to read; we have fixed these in our table.
Column 5: The mistake here is a minor typo due to recording the incorrect value from Swinnerton-Dyer's table [36] , and easily corrected.
Column 7: The errors regarding the calculation of H 1 (F q , PicS) were first discovered by Urabe [39] ; we have nothing new to add.
We now explain the mathematical mistakes we found, regarding the index and the orbit type. The corrected values appear here for the first time.
Column 2: Let q be a sufficiently large prime power. No. 12: Let S ′ be a smooth non-split quadric surface over F q . Let S be the cubic surface obtained by blowing-up S ′ in a closed point of degree 5 in general position. One easily sees that the splitting field of S has degree 10, hence such a surface must have class 12. But, by construction, one may contract an orbit of length 5 on S, hence the index is not 2, as claimed by Manin. No. 14: Again let S ′ be a smooth non-split quadric surface over F q . Let S be the blow-up of S ′ in closed points of degree 2 and 3 in general position. This surface has splitting field of degree 6 and a(S) = 0, thus it must have class 14. As before, we see that the index is not 3, as claimed by Manin. These constructions show that such surfaces S have index at least 5. However, in both cases we have a(S) = 0, hence Lemma 2.2 implies that the index is not 6, so the index is indeed 5 as claimed. 1 (in our notation). Consider the blow-up of P 2 in a rational point and a closed point of degree 5 in general position over F q . The splitting field has degree 5, hence by Table 7 .1 it corresponds to the class 16. The orbits of length 1 come from the rational point and the conic passing through the quintic points. The orbits of length 5 arise from:
(1) 5 lines above the quintic points. , as claimed. Our guess is that Urabe over-looked the remaining mistakes in Manin's table as they concern the index and orbit type, which behave erratically with respect to blow-ups.
